Relativistic effects in model calculations of double parton distribution
  function by Rinaldi, Matteo & Ceccopieri, Federico Alberto
ar
X
iv
:1
61
1.
04
79
3v
1 
 [h
ep
-p
h]
  1
5 N
ov
 20
16
Relativistic effects in model calculations of double parton distribution functions
Matteo Rinaldi1 and Federico Alberto Ceccopieri2, 3
1Instituto de Fisica Corpuscular (CSIC-Universitat de Valencia), Parc Cientific UV,
C/ Catedratico Jose Beltran 2, E-46980 Paterna (Valencia), Spain.
2 Dipartimento di Fisica e Geologia, Universita` degli Studi di Perugia and Istituto Nazionale di Fisica Nucleare,
Sezione di Perugia, via A. Pascoli, I - 06123 Perugia, Italy
3IFPA, Universite` de Lie`ge, B4000, L`ıege, Belgium
(Dated: November 9, 2018)
In this paper we consider double parton distribution functions (dPDFs) which are the main non
perturbative ingredients appearing in the double parton scattering cross section formula in hadronic
collisions. By using recent calculation of dPDFs by means of constituent quark models within the
so called Light-Front approach, we investigate the role of relativistic effects on dPDFs. We find, in
particular, that the so called Melosh operators, which allow to properly convert the LF spin into
the canonical one and incorporate a proper treatment of boosts, produce sizeable effects on dPDFs.
We discuss specific partonic correlations induced by these operators in transverse plane which are
relevant to the proton structure and study under which conditions these results are stable against
variations in the choice of the proton wave function.
I. INTRODUCTION
A proper description of final states in hadronic col-
lisions requires the inclusion of multiple partonic inter-
actions (MPI) [1–3], i.e. a mechanism which takes into
account the possibility that more than one couple of par-
tons may interact in a given hadronic collisions. This
possibility emerges naturally since both colliding hadrons
are extended objects in transverse plane, at variance with
processes involving point like probes, as in Deep Inelas-
tic Scattering where, to date, no MPI effects have been
reported. Multiple parton interactions enhance particle
yields at low transverse momenta, affecting multiplici-
ties and energy flows. MPI play an important role also
in events characterized by an hard scale where they may
contaminate the primary event with production of secon-
daries which contribute to the so called underlying event.
In recent years, given the LHC operation, renewed inter-
est has been paid to double parton scattering (DPS),
in which a couple of partons from each hadron inter-
acts between each other. If both interactions are hard
enough, perturbative techniques can be applied and, as
such, this class of processes need to be well controlled
since they might represent a background to New Physics
Searches. At the same time DPS has its own physi-
cal interest being sensitive to the nucleon structure. In
particular, the cross section for this process depends on
non-perturbative quantities, the so called double parton
distribution functions (dPDFs). The latter encode the
probability of finding two interacting partons, with lon-
gitudinal momentum fraction, w.r.t. the proton one, x,
and relative transverse distance ~b⊥, offering the oppor-
tunity to investigate parton momentum and spin corre-
lations in the nucleon, unveiling new information on the
its structure, see Ref. [4]. Since dPDFs are two-body dis-
tributions, this knowledge is complementary to the one
encoded in other type of (one-body) distributions, such as
generalized parton distributions (GPDs) and transverse
momentum dependent distributions (TMDs). To date,
dPDFs are very poorly known objects. Little guidance on
their structure come from sum rules which relate them to
ordinary PDFs, see Refs. [5, 6], while their perturbative
QCD evolution is still debated due to the presence of the
so called inhomogeneous term in the evolution equations,
see Refs. [7–10]. In this situation it is clear that a proper
theoretical modelization of DPS signal is quite challeng-
ing. This problem has been circumvented expressing the
DPS cross section, σDPS , with final state A+B, by the
following ratio, see e.g. Ref. [12]:
σA+BDPS =
m
2
σASPSσ
B
SPS
σeff
, (1)
where m is combinatorial factor depending on the final
states A and B (m = 1 for A = B or m = 2 for A 6= B)
and σ
A(B)
SPS is the single parton scattering cross section
with final state A(B). The ratio in Eq. (1) relies essen-
tially on the assumption that the two hard scattering can
be factorized, an hypothesis which has been investigated
in detail for the double Drell-Yan process in Ref. [11].
Furthermore dPDFs are often built up in a full factor-
ized form of the type:
Fab(x1, x2, b⊥, Q
2) ∼ fa(x1, Q
2)fb(x2, Q
2) (2)
× (1− x1 − x2)
nT (b⊥) ,
where fa(x1, Q
2) and fb(x2, Q
2) are the standard PDFs
evaluated at the scale Q2, n ≥ 0 is a phenomenological
parameter which takes into account possible phase space
effects on the kinematic boundary, see Ref. [5], and the
function T (b⊥) captures parton correlations in the tran-
verse plane. This ansatz for dPDFs exploits the idea
that, for decreasing parton fractional momenta, x, the
parton population in the nucleon grows up, resulting in
2a substantial longitudinal decorrelation of the joint dis-
tribution Fab. The double parton interaction rate is then
totally encapsulated in the function T (b⊥). In such a
factorized approach, the effective cross section appearing
in Eq. (1) is simply given by
σ−1eff =
∫
d2b⊥[T (b⊥)]
2 (3)
and, by construction, does not show any dependence
on parton fractional momenta, hard scales or parton
species. Due to the rather easy technical implementa-
tion of Eq. (1) and the almost total inclusiveness of the
experimental analyses performed so far, all the present
knowledge on DPS cross sections has been condensed
in the experimental and model dependent extraction of
σeff [12–19]. To date, the corresponding number deter-
mined so far (σeff ≃ 15 mb) is compatible, within errors,
with a constant, irrespective of centre-of-mass energy of
the hadronic collisions and final state (A+B) considered.
Given this situation, many features of dPDFs are es-
sentially unconstrained. It is therefore clear that non
perturbative methods may give access to some relevant
properties on these distributions [20–25], allowing, for ex-
ample, to establish to which extent such dPDFs models
may correctly reproduce the magnitudo of the transverse
correlation encoded in σeff , see for instance results of
Refs. [26, 27] on this point.
In this work, starting from the results obtained in Ref.
[22], where dPDFs have been calculated in valence re-
gion within a fully relativistic covariant treatment, the
so called Light-Front (LF) approach, we identify model
independent effects induced on dPDFs by the relativis-
tic treatment, in particular the violation of the factor-
ized ansatz and the effects of parton correlation in the
transverse plane in the proton structure. We also try to
quantify the corresponding impact on observable-related
quantities.
The paper is organized as follows. In Section II we
outline the structure of dPDFs and relativistic operators.
In Section III we describe the details of the hadronic
models used in the analysis. In Section IV we discuss the
relevant issue of dPDFs factorization in longitudinal and
transverse space and the impact of the correct treatment
of relativistic effects on dPDFs. We finally draw our
conclusions in Section V.
II. THE LIGHT-FRONT APPROACH AND
RELATIVISTIC EFFECTS
Following Ref. [22], dPDFs have been calculated start-
ing from their Light-Cone correlator, which formally de-
fines them in QCD. A suitable expression for dPDFs has
been presented in Ref. [22]:
F (x1, x2, ~k⊥) ∝
∫
d~k1d~k2 Ψ
(
~k1 +
~k⊥
2
, ~k2 −
~k⊥
2
)
× Ψ†
(
~k1 −
~k⊥
2
, ~k2 +
~k⊥
2
)
(4)
× δ
(
x1 −
k+1
M0
)
δ
(
x1 −
k+1
M0
)
× 〈SU(6)|D†1D1D
†
2D2|SU(6)〉 ,
where ~ki is the intrinsic three-momentum of the i− par-
ton, k⊥ is the relative transverse momentum between the
two active partons, Ψ is the proton wave function in mo-
mentum space and |SU(6)〉 is the spin-flavor state evalu-
ated according the commonly adopted SU(6) symmetry.
Here, as in Ref. [22], a factorization between the spin and
the spatial part of the proton wave function is assumed.
Let us remark that, thanks to this rigorous approach, the
correct support of dPDFs is fulfilled, i.e. the dPDF van-
ish in unphysical regions, i.e. x1 + x2 > 1. A proper in-
clusion of relativistic effects is obtained via the so called
Light-Front (LF) approach. This is a common proce-
dure, largely used for the calculation non perturbative
distributions, see e.g. Refs. [28–33]. It should be noticed
that dPDFs, calculated in momentum space, describe a
system where two partons have a relative transverse mo-
mentum (±~k⊥). This unbalance physically arises since
the difference of parton transverse momenta is not con-
served between the amplitude and its complex conju-
gate [34, 35]. Due to this unbalance, the dPDFs are not
densities in this representation and they can not be in-
terpreted as probabilistic distributions. In order to deal
with distributions which admit a probabilistic interpre-
tation we consider the Fourier transform of Eq. (4) w.r.t.
to ~k⊥ which reads
F (x1, x2,~b⊥) =
∫
d~k⊥
(2π)2
ei
~k⊥·~b⊥F (x1, x2, ~k⊥) , (5)
with ~b⊥ being the relative transverse distance between
the two partons. In this paper we only consider the distri-
bution of two unpolarized quarks of flavor u (c.f.r. Refs.
[21, 22, 36]) so that F (x1, x2, ~k⊥) ≡ Fuu(x1, x2, k⊥) de-
pends only on k⊥ = |~k⊥|. Due to rotational invariance of
Fuu in case of unpolarized quarks, the Fourier transform
reduces to:
F (x1, x2, b⊥) =
1
2π
∫
dk⊥ k⊥J0(b⊥k⊥)F (x1, x2, k⊥) ,
(6)
being J0 the Bessel function of the first kind and b⊥ =
|~b⊥|. Anticipating some results discussed in the next Sec-
tions, we present in Fig. (1) the b⊥-dependence of dPDFs
at x1 = 0.2, x2 = 0.3. The plots show the probabil-
ity for two partons to initiate two separate hard scat-
tering as a function of their relative transverse distance,
3FIG. 1: Distribution evaluated via Eq. (6) by using different hadronic models presented in Section III, in particular the NR (top), the
RL (middle) and HOrel (bottom) models at x1 = 0.2, x2 = 0.3.
a unique information which is only accessible with such
distributions. The same distribution for dPDFs with lon-
gitudinal and transversally polarized quarks are likely to
show departure from this symmetric structure giving ac-
cess to new details of the proton structure. These spin
effects on dPDFs are presently under investigation and
will reported in a separated paper. In Eq. (4), the canon-
ical proton wave function is calculated by means of con-
stituent quark models (CQM). The LF proton wave func-
tion, which naturally arises in the LF approach, see e.g.
Ref. [28], is related to the canonical one thanks to the in-
troduction of the Melosh rotations [37] which appear in
the last line of Eq. (4). The latter quantities are related
to LF boosts which, in such an approach, are kinematical
operators. Formally they are defined as
Dˆi =
m+ xiM0 + i(kixσy − kiyσx)√
(m+ xiM0)2 + k2ix + k
2
iy
, (7)
where m is the constituent quark mass, xi the longitu-
dinal momentum fraction carried by the i quark, σx and
σy are Pauli sigma matrices and M0 is the energy that
the proton had if quarks were free and it depends itself
on ~ki⊥ and xi. In particular, the Melosh operators are
rotations between the rest frame of the system reached
through the Light-Front boost or canonical boost and
allow to rotate Light-Front spin into the canonical one.
For example a Light-Front state with momentum k and
spin σ, |k, σ〉LF can be written in term of canonical one,
|k, µ〉IF as follows :
|k, σ〉LF ∝
∑
µ
〈µ|Dˆ|σ〉 |k, µ〉IF . (8)
Thanks to this property, as pointed in Ref. [28], one can
convert the Light-Front proton wave function into the
canonical one. This procedure is suitable for the cal-
culations of non perturbative quantities, such as parton
distributions, since the proton wave function is usually
evaluated by using the canonical Instant-Form approach.
From Eq. (7), it is clear that the structure of such oper-
ators induce non trivial correlations between the relevant
variables at any energy scales. In order to visualize the
effects produced by the term introduced in the last line
of Eq. (4), one can analytically evaluate:
DD†(~k⊥, x1, x2, ~k1⊥, ~k2⊥) = (9)
〈SU(6)|D†1D1D
†
2D2|SU(6)〉 .
4SF
SS
FF
0 2 4 6 8 10
-0.2
0.0
0.2
0.4
0.6
0.8
1.0
kT [GeV]
D
D
†
FIG. 2: The quantity Eq. (9), as function of kT = k⊥, evaluated
in different regions of x1 and x2 with ~k1⊥ = ~k2⊥ = 0.
However, since the dependence of the Melosh rotation
w.r.t. all the variables expressed in Eq. (9) is quite com-
plicated, one can, without loss of generality, examine its
behavior in the limit DD†(~k⊥, x1, x2, ~k1⊥ = 0, ~k2⊥ = 0).
For this calculation, the allowed phase space x1+x2 ≤ 1,
here and in the following Sections, is sampled in three dif-
ferent couples of points, which we found representative
for the effects we wish to discuss. In particular, we con-
sider two fast partons (FF) with x1 = 0.2, x2 = 0.3, one
slow and and one fast parton (SF) with x1 = 0.04, x2 =
0.3 and two slow partons (SS) with x1 = 0.04, x2 = 0.03.
The calculation of Eq. (9) with these kinematic settings
is presented in Fig. (2) where one may identify three
distinct regions as a function of k⊥. For k⊥ → 0 the
Melosh’s in all kinematic configurations reduce to unity.
In an intermediate region of k⊥ the curves show a dip
whose depth depends on the chosen kinematic configu-
ration and, in particular, becoming negative in the SF
configuration. At larger k⊥ the curves flattens out with
different asymptotics. This complicated pattern, gen-
erated by Melosh’s rotations, affects the calculation of
dPDFs, which, in general, are distributions evaluated
also at k⊥ 6= 0. It is worth noticing that such compli-
cated behavior is due to the mixed combination of the
four Melosh operators combined with the proton spin
structure assumed and described in its wave function.
These kind effects can not be observed in known quanti-
ties such as standard PDFs or, e.g., in momentum distri-
butions, being all these distributions depending on diag-
onal matrix elements (i.e. evaluated at k⊥ = 0). In this
case, in fact, the product of two Melosh reduces to the
unity. However, important effects due to the Melosh can
be observed in model calculations of polarized PDFs. A
crucial consequence of the presence of such operators is
the difference between the longitudinal and transversely
polarized PDFs. In fact, since boosts commute with ro-
tations in the non relativistic limit, such distributions are
identical in this framework, see details on e.g. [31]. More-
over, important effects are also found in the calculations
of GPDs, see e.g. Refs. [28, 29, 31], where some distri-
FIG. 3: Quark momentum distributions of the different models
used in this analysis. RL (full black), NR (dot-dashed blue), Orig-
inal HO (dashed red), modified HOnrel (gold dotted), modified
HOrel (orange dashed). The orange band corresponds to variation
of the parameter 6 < α2 < 25 fm−2.
butions are different from zero thanks to the presence of
the Melosh. Such conclusions are also found in the anal-
yses of TMDs in Light-Front CQM calculations Ref. [32].
Let us mention that Melosh effects can be appreciated in
the calculation of nuclear spectral function and structure
functions of the 3He within the Light-Front approach, see
Refs. [38, 39].
It should be noted, however, that the actual impact
of Melosh on dPDFs is weighted by the chosen proton
wave function and, in particular, by its structure at large
parton momenta k. We address this issue in the next
Section.
III. HADRONIC MODELS
The calculation of dPDFs via Eq. (4) involves, be-
side the relativistic boosts just described, the model-
ing of the (canonical) proton wave function which is ob-
tained by means of CQM. The parameters of these mod-
els are fixed by comparison with subset of available data,
e.g. , the hadronic spectrum or the proton electromag-
netic form factor at small momentum transfer. Since
the aim of the present analysis is to identify potential
model independent effects on dPDFs, we consider a va-
riety of proton wave functions. The first model is the
so called Hypercentral quark model in both its relativis-
tic (RL), Ref. [40], and non relativistic (NR), Ref. [41],
versions. The quark momentum distributions obtained
within these two models are shown in Fig. (3). The
RL version (solid black) shows a broad tail extending
at high momentum (hence relativistic) while the NR ver-
sion (dot-dashed blue line) drops far more quickly at large
momentum (hence non-relativistic). Since both versions
assume a similar potential, we also consider a modified
version of the harmonic oscillator (HO), see details on
the proton wave function calculated in such model in
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FIG. 4: Single parton distributions calculated with the different
models used in this analysis. RL full black line, NR dot-dashed blue
line, Original HO dashed red line, modified HOnrel gold dotted line,
modified HOrel orange dashed line.
Ref. [21]. In its original version, the width of the Gaus-
sian structure of the proton wave function is fixed to
α2 = 1.35 fm−2. As one can see in Figs. (3), the corre-
sponding momentum distribution (red, long dashed line)
decreases rather quickly w.r.t. |~k|, the quark momentum,
showing a rather extreme non relativistic behavior, not
suitable for the estimate of relativistic effects. Given the
relative mathematical simplicity of such a model, we may
construct a class of models of this type just varying the
tunable parameter α in order to reproduce a momentum
distribution which can have either a relativistic or non
relativistic behavior. As shown in Fig. (3), we find that
with the choice α2 = α2nrel = 6 fm
−2, we can simulate
a non relativistic model (HOnrel), while with the choice
α2 = 25 fm−2, the model (HOrel) develops a quite broad
relativistic tail. Let us stress that for such values the
agreement between HO model predictions and available
experimental data is lost. We emphasize that the be-
havior of the CQM models, at large parton momentum,
determines the behavior at small x of the corresponding
parton distributions functions. This feature is easily ex-
plained considering the definition of the longitudinal mo-
mentum fraction carried by a quark in the LF approach:
x1 =
k+1
k+1 + k
+
2 + k
+
3
(10)
where the light cone notation has been introduced, a+ =
a0 + a3 with aµ being a generic four vector. Since in
Eq. (10) it is always k+ > 0, the extreme small x region
can be achieved only if one parton has a very high mo-
mentum. Therefore a fast drop of quark momentum dis-
tributions at large |~k|, that is a non relativistic behaviour,
determines a smooth vanishing of PDFs as x→ 0. On the
contrary, PDFs corresponding to relativistic models still
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FIG. 5: The ratio (11) evaluated using the HOrel model in three
different regions of x1 and x2 as function of b⊥ = |~b⊥|. In the
legend the acronym “NM” specifies the calculation in which the
Melosh rotations are neglected.
vanish in the limit x→ 0 but with a much harder behav-
ior. All these results are summarized in Fig. (4) where
the u-quark distributions, obtained from all the consid-
ered models, are compared together. With this selection
of models, based on different potentials and showing dif-
ferent relativistic behavior, we now turn to the evaluation
and discussion of dPDFs.
IV. CALCULATIONS OF DPDFS
A. Breaking the factorized ansatz
As already mentioned in the previous sections, the
present knowledge on the DPS cross section is quite in-
clusive, being based on the approximations in Eqs. (1,3),
and it does not allow, at the moment, to pin down pe-
culiar features of these distributions. Given this situa-
tion, the modeling of dPDFs aims to maximally exploit
the current knowledge on the proton structure, assuming
a fully factorized form in all the relevant variables, as
indicated in Eq. (2). It is therefore clear that the mod-
elization of dPDFs, beyond the approximation in Eq. (2),
will require more differential DPS measurements. Such a
factorized ansatz is nevertheless valuable since, under a
number of approximations, it allows to relate the double
gluon distribution functions to the gluon GPDs, exactly
in the kinematic range of small x where CQM model are
difficult to extend and the corresponding theoretical pre-
dictions for T (b⊥) are lacking, see Refs. [34, 35]. On the
perturbative side, the evolution effects on such a factor-
ized b-space ansatz have been investigated in Ref. [42].
In the moderate large values of fractional momenta, x,
natural domain of CQM with realistic potentials, as dis-
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FIG. 6: The distribution Eq. (6) as a function of |~b⊥| evaluated in three different kinematical configurations (from top to bottom
FF,SF,SS, respectively) using the relativistic model, the NR one and the HOrel one (from left to right, respectively). Lines correspond to
the evaluation of Eq. (6) with (black) and without (red) Melosh’s.
cussed in Refs. [21, 22, 36], calculations show that both
the factorization of dPDFs as a product of single par-
ton distributions and, perhaps more interestingly, the
(x1, x2) − k⊥ factorization are violated. For recent re-
sults on the breaking of the factorization on the x1 and
x2 dependence, see Ref. [43]. Furthermore the breaking
of the (x1, x2)−k⊥ factorization might be generated both
by the specific form of the proton wave function and by
relativistic effects induced by Melosh operators. Within
this context, the harmonic oscillator model appears to
be particularly suitable to quantify to which extent such
factorization breaking are due to relativistic effects alone.
Within this model, in fact, the (x1, x2)−k⊥ dependences
are entirely factorized, see Ref. [21]. In order to estimate
these effects quantitatively, we evaluate the ratio
RN (x1, x2, b⊥) =
F (x1, x2, b⊥)∫
d~b⊥ F (x1, x2, b⊥)
. (11)
It is worth to notice that, according to Eq. (5),∫
d~b⊥ F (x1, x2, b⊥) = F (x1, x2, k⊥ = 0) so that the de-
nominator in Eq. (11) does not depend on the Melosh
rotations which reduce to unity in the k⊥ → 0 limit,
see Fig. (2). The ratio, Eq. (11), calculated by using the
HOrel, is presented in Fig. (5). The ratioRN with dPDFs
evaluated without the Melosh rotations gives identical
(superimposed) results in the three kinematic regions of
x1 and x2, as expected. On the contrary, if Melosh ro-
tation are taken into account, we observe a significant
reduction of the magnitudo of dDPFs and a progressive
broadening of the b⊥-dependence w.r.t. the distribution
without Melosh depending on the partonal fractional mo-
menta xi. This effect is sizeable especially in the SF con-
figuration. This observation leads us to conclude that
for dPDFs evaluated through models (which themselves
may or may not show a (x1, x2) − k⊥ factorization) via
Eq. (4), at the hadronic scale, relativistic effects induce
significant factorization breaking effects. In light of this
result, it is worth to remark that possible modulation in
the b⊥-space, depending on parton fractional momenta,
might not be disregarded altogether.
B. Relativistic effects
It appears from the last Section that Melosh rotations
do not allow, in general, to factorize dPDFs in a longi-
tudinal and transverse distributions. More importantly
they cause a significant reduction of the distributions,
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which, in turn, induce substantial variation of the corre-
sponding DPS cross section. In order to further inves-
tigate these effects, in this section we calculate dPDFs
in b⊥-space via Eq. (6) with and without Melosh rota-
tions. We note that in the latter case we basically reduce
to the results presented in Refs. [20–22]. The results
of these calculations are shown in Fig. (6), where pre-
dictions from different models are presented in columns
and different kinematical configurations in rows. The b⊥-
spectra without Melosh rotation (NM) show a great va-
riety in magnitudo and width, reflecting the difference in
the used proton wave functions. In all cases the distribu-
tions are peaked at b⊥ = 0 and show a finite behaviour in
the short distance limit. If Melosh rotations are included
(red dotted lines), we observe a significant reduction of
the magnitudo of the distributions. In the particular, in
the SF kinematics, the magnitudo of the suppression is
more pronunciated, and, for the RL models (left panel,
middle row), the distribution tends to decrease as b⊥ → 0
and it does show a maximum shifted to a non-vanishing
value of b⊥. We conclude that for relativistic models, in
the SF region, these operators discourage the partons to
be closed to each other. This model dependent behavior
results from the combined effect of the negative contri-
butions of the Melosh rotations in Eq. (6) and the large
|~k| tail of the RL model. The amount of the suppression,
induced by the Melosh operators, is again conveniently
quantified studying the ratio
R(x1, x2,~b⊥) =
F (x1, x2, b⊥)
FNM (x1, x2, b⊥)
, (12)
where here FNM (x1, x2, b⊥) is the distribution in Eq. (4)
once the Melosh rotations are neglected. The correspond-
ing results are reported in Fig. (7), where it is shown that
the suppression slightly depends on the kinematical con-
figurations, being smaller in the FF one and, on average,
around 0.5 in the FS and SS regions. Moreover such sup-
pression is rather model independent, as can be inferred
by the relatively contained spread of the orange band. In
all the previous sections, the main effects of the Melosh
rotations have been analyzed directly on the dPDFs, ei-
ther in momentum or coordinate space. It is worth to
remark, however, that dPDFs appear in the DPS cross
section in a convolution like formula which reads [1],
σA+BDPS ∝
∑
abcd
∫
d~b⊥ Fac(b⊥) Fcd(b⊥) σˆ
A
ab σˆ
B
cd , (13)
where we have neglected the dependences on longitudi-
nal fractional momenta and σˆ are the elementary par-
tonic cross sections for the process ab(cd) → A(B)X . It
is therefore clear that the details of the b⊥ dependence
of the dPDFs gets obscured by the convolution and it is
intertwined with the dependences on longitudinal frac-
tional momenta. Within this respect, we notice that a
more direct access to the transverse structure of dPDFs
may be provided analyzing the DPS component in mul-
tijet photoproduction in ep or pp collisions. In this case
the quasi-real photon, emitted either by the electron or
the proton and fluctuating in qq¯ dipoles, probes parton
pair in the nucleon at a relative transverse distance of
the order b⊥ ∼ 1/Q [44–46] while its low virtuality Q
can be controlled experimentally. In the present context,
a proper calculation of σeff via eq. (13) requires the se-
lection of a definite final state A + B, the evaluation of
corresponding partonic cross sections and the perturba-
tive evolution of dPDFs from the hadronic scale (in the
present work µ0 = 0.1 GeV
2, where only three valence
quarks carry the proton momentum) to scales µA and
µB characterising the hard processes. We will report on
these results in a separate publication. In the present
work, in order to get a quantitative estimate of the pos-
sible role of the Melosh on observable-related quantities,
following the lines of Refs. [26, 27], we define the ratio
Rσ(x1, x2) =
∫
d~b⊥ FNM (x1, x2, b⊥)
2∫
d~b⊥ F (x1, x2, b⊥)2
, (14)
where the square is taken to mimic the analytic struc-
ture of the DPS cross section in Eq. (13) and Eq. (3).
The ratio in Eq. (14) has been calculated by using the
addressed models in the three kinematics configurations.
The results are presented in in Tab. (I). One should no-
tice that in regions where the three CQM are completely
8FIG. 8: The ratio Rσ(x1, x2) calculated for fixed values x1 as a
function of x2 within all the adopted models.
RL NR HOrel HOnrel
Rσ(x1 = 0.03, x2 = 0.04) 4.83 2.80 4.12 2.36
Rσ(x1 = 0.04, x2 = 0.3) 4.33 2.27 3.66 2.05
Rσ(x1 = 0.2, x2 = 0.3) 1.85 1.50 1.73 1.73
TABLE I: The ratioRσ(x1, x2) calculated for different kinematical
configurations and adopted models.
different, the effects of the Melosh are rather independent
on the choice of the detailed proton structure considered.
For the seek of transparency, some differences are found
when small x are involved in the calculation. This fea-
ture can be seen as a limit of the present analysis. In
fact, as already mentioned, the low x region is associated
to high momenta, where the three CQM substantially
differ from each other and details of the models can not
be totally separated by those of the relativistic treat-
ment. As shown in Fig. (8), the spread of Rσ calculated
within different models increases for decreasing x2. This
reflects different modelizations of the proton wave func-
tion at high quark momenta, see Fig. (4). Nevertheless,
it should be noticed that the value of the ratio and its
spread, induced by different models, becomes constant
for, approximately, x2 > 0.1. Therefore we may con-
clude that, in the valence region, the suppression factor
(a factor around 2) induced by Melosh rotations is quite
a model independent effect.
V. CONCLUSIONS
In conclusion, in this work a quantitative analysis of
relativistic effects on dPDFs has been provided thanks to
the correct treatment of dPDF in a relativistic framework
due to the LF approach, which implies the introduction
of the so called Melosh rotations in order to achieve a full
Poincare` covariant description of dPDFs. We have dis-
cussed to which extent the Melosh rotations alone may
affect the often assumed factorization in (x1, x2) − k⊥
space, which is commonly used in the experimental anal-
yses to extract the DPS cross section. We found that
for relativistc models in the very low x region, associated
to high momenta of the quark, their effect is maximal
and, for large unbalance of longitudinal momenta, they
prevent the two interacting partons to be close to each
other in transverse space. Then we have emphasized, by
employing appropriate ratios, the role of such operators,
and the degree of model independency of these results. In
particular, such rotations produce a strong reduction of
the size of the dPDFs, w.r.t. the same calculation where
such operators are neglected. As a consequnce they affect
quantities related to σeff by a suppression factor which
is, depending on the models, a factor ranging from 2, in
the FF configuration, to 4 in the SS one. In closing, we
have found that relativistic effects on dPDFs are sizeable
and they should be always taken into account in these
kind of model calculations.
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